
number of moles of A reacted 
Heavyside’s function 
integral defined by Eq. 62 
integral defined by Eq. 69 
integral defined by Eq. 76 
integral defined by Eq. 79 
integral defined by Eq. 80 
reaction rate constant 
reaction order 
molar flow rate of reaction mixture 
Bodenstein number, ud,J D 
Dainkohler number, defined by Eq. 12 
Darnkohler number defined by Eq. 17 
Peclet number, unRe/ D2 
u,RSIDRI-’ 
radial distance 
geometry exponent, defined by Eq. 2 
molar velocity of reaction mixture 
mole fraction of species A for inward flow 
inole fraction of species A for outward flow 
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This paper presents a new formulation of the infinite plate or  minimum reflux 
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calculation methods a re  developed. The first is a short-cut method which extends 
Underwoods classic minimum reflux treatment to variable molar overflow situa- 
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calculation and represents a significant computational advance over other rigor- 
ous methods. 
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SCOPE 

Accurate plate-by-plate simulations of multistage, mul- 
ticomponent distillation columns require substantial computa- 
tional effort. Consequently, simpler, limiting descriptions are  
useful to guide process synthesis decisions and optimum col- 
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umn design. This investigation focuses on the infinite plate or  
minimum reflux limit. 

The calculation of minimum reflux conditions for a specified 
separation has often been the subject of theoretical study. 
Underwood (1946, 1948), Shiras e t  al. (1950), Bachelor (1957), 
McDonough and Holland (1962), Erbar  and Maddox (1962), 
Lee (1974), Chien (1978), and Tavana and Hanson (1979) have 
all considered this problem. These authors approximate the 
infinite stage column by increasingly larger finite columns. 
Except in the case where relative volatilities and molar over- 
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flows are  constant (Underwood, 1948) or  where all components 
of the feed a re  distributed (Shiras et al. 1950), such calcula- 
tions, because of their large size, prove both difficult and 
expensive. 

The present investigation differs from previous work in that 
it is based on a continuum model for the infinite stage column. 
Two calculation methods are developed using this model. The 
first is a short-cut method which assumes ideal solution be- 
havior, constant relative volatilities, and temperature inde- 
pendent partial molar enthalpies. This calculation closely re- 
sembles Underwood’s classic minimum reflux algorithm. The 

second is a rigorous method which incorporates non-ideal 
equilibrium and enthalpy behavior. This calculation requires 
simultaneous solution of a set of algebraic equations whose 
dimension equals the number of chemical species in the feed 
plus twice the number of non-distributed species in the column 
plus five. 

Sample results obtained using these new calculation methods 
a re  presented and compared with Underwoods solution and 
with plate-by-plate simulation. Numerical solution of the new 
equations is discussed and illustrated in detail in a companion 
paper (Nandakumar and Andres, 1981). 

CONCLUSIONS AND SIGNIFICANCE 

The theoretical model for an infinite plate, multicomponent, 
distillation column that is developed in this work leads to new 
insight into steady-state minimum reflux behavior. This insight 
is developed by use of the model to rederive Underwood’s 
classic minimum reflux equations and to derive two original 
calculation methods, which assume progressively less restric- 
tive equilibrium and enthalpy behavior. 

A short-cut method is derived based on the assumptions of 
ideal solution behavior, constant relative volatilities, and tem- 
perature independent partial molar enthalpies. This method 
incorporates the important effects of variable molar overflow, 
however, it is formally similar to Underwood’s constant molar 
overflow algorithm and is as simple to use. 

A rigorous calculation method is also derived. These equa- 

tions can be used whenever there is an invariant relative vol- 
atility ordering among the non-distributed chemical species 
and when a “shock model” for the infinite stage column is valid. 
Within these restrictions the method is general. The vapor- 
liquid equilibrium relationship may be represented by any 
nonideal model, any nonideal enthalpy model may be assumed 
for the vapor or  liquid phases, nonadjacent key components are 
permitted, and the exact infinite plate limit is obtained. Solu- 
tion of the new equations is similar in computational complexity 
to the solution of the equations describing a multicomponent 
flash separation. In  most cases, the method requires much less 
computation than is required either by a plate-by-plate simula- 
tion or  by other rigorous minimum reflux methods. 

Most distillation columns are “simple”, having a single feed, 
single distillate product, and single bottoms product. Such col- 
umns are used to separate two chemical species in a multicom- 
ponent feed. When the number of plates in a simple column is 
varied, the specified separation often can be  maintained by 
simultaneously adjusting reflux rate. Two limiting conditions 
arise: (1) “minimum reflux” corresponding to an infinite number 
of plates; and (2) “total reflux” corresponding to a minimum 
number of plates. These limits are important design constraints. 
In particular, the minimum reflux or minimum flows solution 
provides the minimum energy requirements for the separation. 

Calculation of the minimum stage requirement for a distilla- 
tion separation is straightforward and relatively simple (Fenske, 
1932; Underwood, 1932). Minimum reflux calculations, how- 
ever, are more difficult. 

An infinite stage column is usually characterized by two 
“pinch” regions, one above and one below the feed. A pinch 
region is a section of the column containingan infinite number of 
stages having identical compositions, temperature, and molar 
overflows. When all of the components in the feed are distrib- 
uted, i.e.. they are present in both distillate and bottoms, the 
compositions and temperatures of the two pinch regions are the 
same. In such cases the column is sometimes said to exhibit a 
single pinch. When there are nondistributed species, the pinch 
regions have different compositions and temperatures. The 
product flows from each section of the column are determined 
by the corresponding pinch region. Thus, the critical task in a 
minimum reflux calculation is to relate the pinch conditions 
above and below the feed. 

There are two special cases for which the minimum flows 
solution is easily obtained. The first is when relative volatilities 
and total molar overflows are constant. Underwood (1946, 1948) 
derived an elegant infinite stage algorithm for this situation. The 
usefulness of this treatment is limited unfortunately by its re- 

strictive assumptions. The second special case is when all com- 
ponents of the feed are distributed. Minimum reflux conditions 
for such a separation are defined by a set of algebraic equations 
whose dimension equals the number of components in the feed 
plus five. Such a calculation is modest in size when compared to 
plate-by-plate simulation. 

All rigorous calculation methods, for separations in which 
some species are nondistributed, determine the relationship 
between the two pinch zones by plate-by-plate simulation of 
increasingly larger finite columns. Aside from the fact that it 
introduces a certain degree of approximation, the serious draw- 
back of this approach is the large size of such calculations. 

A different formulation of the minimum reflux problem is 
proposed in the present investigation. The infinite stage limit is 
incorporated into the theoretical model at the outset. Both 
rectifying and stripping sections of the column are treated as 
continuous countercurrent exchangers with negligible axial dis- 
persion. Investigation of each section’s transient behavior then 
leads to a steady-state description of the column. The advan- 
tages of this approach are twofold: (1) the formalism sheds new 
light on minimum reflux behavior; and (2) this mathematical 
description substantially simplifies minimum reflux calcula- 
tions. 

Continuum Model of Minimum Reflux Column 

A simple distillation column can be broken down for purposes 
of analysis into three sections: (1) a feed stage, (2) a top or 
rectifying section, and (3) a bottom or stripping section. First, 
we will develop differential material and energy balances for the 
rectifying and stripping sections. 

A material balance on the ith species taken around the nth 
stage in either section gives: 
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Here, f and s represent backmixing parameters (Hartland and 
Mecklenburgh, 1966; Mecklenburgh and Hartland, 1975). Eq. 
1 reduces to the usual countercurrent ideal stage model whenf 
and s are zero. Note that the direction of increasing n is the 
direction of liquid flow. 

The total flows in Eq. 1 are expressed as volumetric rates and 
F~ and ij, correspond to molar concentrations. It is assumed that 
the total volumetric flows and volumetric holdups in each sec- 
tion of the column are constant. While these assumptions 
greatly simplify our analysis, they do not restrict the final 
minimum reflux model. Holdup has no effect on steady-state 
behavior, and the final equations will be rewritten in terms of 
total molar flows which need not remain constant. 

Define continuous variables: 

Here N is the total number of stages in the section of interest. 
Next, introduce Taylor series expressions for F ,,,,, f,,,,-l, f8.r,+l, 
etc. 

- 
XI,,, = X , ( T , Z )  

axv ax, 
az 2! az2 X,,,,+l ~ ! ( T , z )  + AZ - + -- 

where Az = 1/N. Upon substitution, Eq. 1 becomes: 

In the infinite plate limit, N + m, the  Peclet numbers 
(2N/  1 +2f) and ( 2 N /  1 + 2s) in Eq. 2 become infinite and both 
axial dispersion terms drop out. Eq. 2 becomes: 

Both the rectifying and the stripping sections of an infinite 
column can thus be modelled as continuous countercurrent 
exchangers with negligible axial dispersion. 

Eq. 3a represents a set of differential material balances writ- 
ten for each component of the feed. A similar differential energy 
balance, assuming the column is adiabatic, yields 

The compositions and temperatures of the two phases are in 
equilibrium at each point. Hence, 

- 
iji = qj(al,x',. . . xc,h) (i = 1,2, . . . C) (44  

(4b) 

and 
- 

R = R(F,,F~,, . . . ~r,.,h) 

Eqs. 3 and 4 represent a quasilinear system of C + 1 partial 
differential equations of first order. If these equations are totally 
hyperbolic and the initial and entry conditions for a section are 
constant, we have Riemann's problem (Rhee et  al., 1970a; Aris 
and Amundson, 1973). The solution to this problem has an 

image in the C + 1 dimensional concentration and enthalpy 
space which lies on a single curve, T(w). Plotted as afunction of 
z ,  the solution at any instant in time consists typically of plateau 
regions of constant concentration and enthalpy which are joined 
by transition regions in which the concentrations and enthalpy 
vary in the coherent manner described by T(w). 

Introducing differentiation along the curve T(u.1, we deduce 
from Eqs. 3 and 4 that both 

and 

where 

-- - X(w) 
D H  
DX 

Eq.  5, thr  coherence condition, is the fundamental differen- 
tial equation of the problem, the solution of which generates 
T ( w ) .  Eq. 6 defines the characteristic velocity in physical space 
of a point on r(u.1. Transition regions traveling into a section 
from its ,z = 0 boundary are characterized by u(w) > 0; those 
propagating from z = 1 have ~ ( w )  < 0. 

Along each continuous or smooth transition, 

(7) 

If this inequality is not satisfied, the transition described by Eq. 
6 is unstable and is replaced by a step discontinuity (Rhee et  al., 
1970a). Such a step or shock transition satisfies the relations 

- d~ aw 
as du; az 

> 0 - -____ 

[KI - 
[ X I  
- -  

and 

(9) 

Here, the square bracket [ ] denotes the difference in the 
enclosed quantity across the discontinuity. 

Eq. 8 is a discrete form of the coherence condition. These 
algebraic equalities relate the plateau concentrations and en- 
thalpy on either side of a step transition. Eq. 9 defines the 
characteristic velocity of the shock. As before, transitions travel- 
ing into a section from its z = 0 boundary have u > 0; those 
travelingfroni z = 1 have u < 0. Given the state on one side of a 
shock, the state on the other side can be calculated from Eq. 8 if 
one of the concentrations or the enthalpy on the other side of the 
shock is known or if the velocity of the shock is known. 

Rhee, Aris and Amundson (1970a, b, c, 1971, 1972) and 
Helfferich and Klein (1970) have successfully applied to mul- 
ticomponent chromatography and multicomponent adsorption 
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Figure 1. Schemotic diogrom of minimum reflux column. 

the concepts exemplified by Eqs. 5-9. These relations can also 
be us4.d to deduce the steady-state behavior of an infinite stage 
distillation column. 

A schematic diagram of a simple infinite stage column is 
shown in Figure 1. The column is taken to consist of an equilib- 
rium feed stage and two ideal continuous countercurrent ex- 

BOTTOM SECTION OF C O C W  

8 
X 4  

X: 

x: 

X: 
x + o  X,. - 
c X, 

x; 

I I 1  

i i l  

changers. Important features to note are the reflux boundary 
conditions imposed at the far end ofgach continuous section. 
The reflux rate defines the critical VIL ratio throughout a sec- 
tion. More importantly, because of these boundary conditions, 
each continuous section behaves at steady state as if it were a 
finite portion of a semi-infinite domain. Only the transitions 
which interconnect the concentration and enthalpy state of the 
feed stage with the respective pinch states need be considered. 

Steady-state operating conditions for the column in Figure 1 
can be determined as follows. Concentrations and enthalpy at 
the feed stage are assumed and are taken to be constant with 
time (i.e., constant entry conditions), and uniform initial con- 
centrations and enthalpy in each continuous section are chosen 
(i.e., uniform initial conditions). Once the total volumetric 
flows, the state of the feed stage, and the initial state of a section 
are fixed, the transient evolution of the section is a well defined 
Riemann problem. The solution to this problem is determined 
by means of Eqs. 5-9. The steady-state pinch conditions ob- 
tained by this analysis define the product flows of every chemical 
species and of enthalpy. Setting each of the feed inflows equal to 
the corresponding sum of top and bottom product outflows then 
establishes the minimum reflux solution. 

Eqs. 5 and 8 define a unique composition profile which inter- 
connects the fixed state at the feed stage with the uniform initial 
conditions in the top and the bottom sections of the column. 
Whatever the volumetric flows, if initially the top section con- 
tains only the most volatile component of the feed and the 
bottom section only the least volatile, then both top and bottom 
pinch states lie on this T(wj curve. 

The T(w) curve during its transient evolution consists of a 
series of plateaus of constant Composition joined by coherent 
transition segments, T'(w). Each point on these T'(w) segments 
has a characteristic velocity, &(to), given by Eq. 6 or 9. Thus, 
the pinch composition either is a plateau composition bracketed 
by T'(wj and Ttrl(w) where d ( w j  is less than zero and v'+'(w) is 
greater than zero or is a point on a continuous transition r ' (w)  at 
which d ( w j  is zero. All other compositions have finite velocities 
and are swept through the column. In most cases the P ( w )  are 
all discontinuous (see Eq. 7), and the pinch is a plateau brack- 
eted by shock transitions. 

The transient evolution of T(w) in the stripping section of a 
column is shown schematically in Figure 2 .  In order to portray 
the entire profile, the location of the initial step discontinuity 
from the composifion of the feed-stage to a uniform state in 
which only the least volatile species is present has been shifted 
in this figure from z = 0 to z = 0.5. At steady state the composi- 
tion throughout the stripping section is {x:}. 

A critical difference between the composition in a pinch re- 
gion and the composition at the feed stage is the usual absence at 
the pinch of one or more components of the feed. The reason for 
this absence becomes apparent if one writes an equation for the 
steady-state flux in a pinch region. For example, the flux of the 
ith component at the bottom pinch is: 

Express the vapor-liquid equilibria in terms of a set of relative 
volatilities, ai, 

G ~ K  ( i  = 1,2, .  . . ,C j  (111 
Yi = - 
X i  

Thus. 

Here, K is the equilibrium constant of a reference species and 
KVIL is a stripping factor for the same reference component. In 
what follows all components will be ordered in ascending order 
from most volatile to least volatile so that 

(13) f f 1  > f f p  > .  . . ffc 

Substitution of Eq. 12 into Eq. 10 yields: 
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All the variables in this equation must be positive or zero. Thus, 
species i is excluded from the bottom pinch whenever 

The bottom pinch composition can easily be altered by vary- 
ing VB/Ln .  In the limit of large VBLn (i.e., VB/ LB -+ 1) only the 
least volatile component, species C, is present at the pinch. As 
V B / L B  is decreased, first species C-1, then species C-2, and so 
on are allowed in the pinch region. Finally, as VB/ LBapproaches 
zero, none of the feed components are excluded from the bottom 
pinch. 

A similar treatment of the rectifying section yields the result 
that species i is excluded from the top pinch whenever 

Thus, in the limit of small VDILD(i.e., V’IL” -+ 1) only the most 
volatile component, species 1, is present at the top pinch. As 
VD/ LD is increased, first species 2, then species 3, and so on are 
allowed .in the pinch region. 

Another way of understading this phenomenon is to look at 
the dependgnse of u ( w )  on VIL. Once T(w) is fixed, the effect of 
increasing v/L is to decrease u ( w )  (see Eqs. 6 and 9). Thus, 
increasing VIL in the bottom section of the column moves the 
pinch point closer to the condition at wJhIch only the least 
volatile component is present. Increasing VIL in the top section 
moves the pinch pointawayfrom the condition at which only the 
most volatile component is present. 

The order in which components disappear along T(w) is de- 
termined by their relative volatilities (see Eqs. 15 and 16 and the 
ensuing discussion). Defining a light key lk, the components, 
1,2, . . . , lk - 1 disappear in the stripping section in ascending 
order from 1 to Zk - 1 (Figure 2). Defining a heavy key hk, the 
species hk + 1, hk + 2, . . . ,C disappear in the rectifying sec- 
tion in descending order from C to hk + 1. As long as the 
relative volatility ordering of the nondistributed components is 
invariant in the column, each nondistributed species must dis- 
appear in a separate P ( w )  transition. Thus, the Ti(w)’s connect- 
ing the feedstage and each pinch region can be  identified and 
numbered according to the component that disappears in the 
t.ransition. 

Minimum reflux calculations are greatly simplified when all 
the T‘(w) are discontinuous. In such cases the pinches must be 
plateau compositions and the algebraic relations of Eq. 8 can be  
used to calculate composition and enthalpy jumps across the 
Ti(w)’s connecting the pinch states. As Eq. 8 is valid not only as a 
discrete coherence condition but also as an integral form of Eq. 
5, the pinches can be related in this manner whenever both are 
plateau states. We have termed the case, when Eq. 8 can be 
used recursively to relate the pinch regions above and below the 
feed the shock model for a minimum reflux column. It is for this 
situation that we develop two new calculation methods. When 
one or both of the pinches lie on a continuous transition, 
minimum reflux calculations are much more difficult. 

Generolired Underwood Calculation 

Underwood’s classic minimum reflux equations have been 
dwived in a number of ways (Underwood, 1948); Acrivos and 
Amundson, 1955); Ramkrishna and Amnndson, 1973). It is in- 
structive to derive these equations again using the approach 
outlined in the previous section. 

The critical assumption in the Underwood treatment is that 
the relative volatilities defined by Eq. 11 are all constant. Intro- 
ducing this assumption and making use of the fact that Z,yj  = 1, 
K becomes 

K = ( $. a,.,>-’ 

and the mean stripping factor in a section becomes 
-1  KV V 

= ( 7 a,.,) 
We will find that for fixed feed state composition and uniform 
initial conditions the composition throughout a section can be 
expressed as a unique function of this mean stripping factor. 

Let 

Therefore, 

F) = $,Ia,E ( i  = 1,2, . . . ,C) (21) 

ij2 = $JwV (i = 1,2, . . ,C) (22) 

and 
- 

The second assumption in Underwood’s treatment is that the 
total molar flows in each section of the column are constant. 
Instead, we will assume the partial molar enthalpies of both 
phases to be temperature independent. Hence, 

and 

= FiHi = c ijj(hi + AH,) (24) 
I , 

This is a useful generalization which accounts for variable molar 
flows. The classic Underwood equations can be recovered by 
setting 

AH! = 1 (i = 1 , 2 , .  . . ,C)  (25) 

The coherence equations (Eq. 5) now become 

1 d& $, 

and 

- 
V 
L 

= = A(w) 

(26a) 

Eqs. 26a and 26b can be satisfied only if 

c (AHi) (-2 1 d$. - 4) = ( A H i )  (2) = 0 (27) 
w dw u. I 

Thus 

where VAH is constant in each section of the column. This 
condition is the result of coherence and adiabatic constraints. As 
the mean heat of vaporization, AH, increases (decreases) with 
the composition changes involved in going from the feed state to 
a pinch, the molar vapor flow rate must decrease (increase) to 
maintain VAH constant. Thus, the vapor flow rate at the bottom 
pinch is typically less than the vapor flow rate directly below the 
feed stage. This is due to the absence of the more volatile 
components of the feed which usually have smaller heats of 
vaporization In the rectifying section the reverse holds true. 
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Multiplying Eq. 27 by w2and differentiatingwith respect to w 
yields: 

Performing the same operation on Eq. 26a yields 

Eqs. 29 and 30 can be  satisfied only if 

Integration of Eq. 31 gives 

= ff,E, = f f i z  4- Jl(w - w’) (i = 1,2, . . . ,C) (32) 

Substitution of Eq. 32 into Eq. 26a yields 

or 

f f i$ i /W - aiq i  

a t - 4  f f i - 4  I,=--- (i = 1,2, . . . ,C) (34) 

Combining Eqs. 22, 27, and 28 yields 

2 AHJ, = VAH (35) 
1 

Thus, given a composition in the column such as the feed stage 
composition, 4 can be obtained by solving either 

or, since 

A H , q i  = VAH, 
L 

(37) 

or, since 
- 
vyi = f f i  E { / W  

(38) 
A H ~ ~ , T ~ S  ~ AHiaiL~y = o  T q - 4  f f i - 4  

These equations have C-1, real, positive, distinct, common 
roots which are ordered as follows 

ffc 5 4 c - 1 5  C Y - 1  5 . , . 5 5 ffl  (39) 

Corresponding to each 4,,. there is a unique T”(w). This possi- 
ble solution is defined by a set of direction constants]: (i = 
1,2, . . . C) and a characteristic velocity ub(w). The 14 are found 
by back substituting & into Eq. 34. The characteristic velocity, 
defined by Eq. 6, is simply 

+A- 1 -- 

Along rk(w),  &W is constant (Ree et al., 1970a); thus, 

du”(w) 
dw 

->o 

The uk’s  are ordered in a reverse sequence to that of the &’s, 
i .e. 

u’(w) < u2(w) < . . . uC-I(w) (42) 

Eq. 37 or 38 defines a one-to-one mapping between a given 
composition and the set I+(}. When AH( = 1 ,  this is the 
h-transformation introduced by Helfferich and Klein (1970). 
Transformation of a fixed composition state into its { + j }  repre- 
sentation greatly simplifies Riemann calculations. This sim- 
plification arises because only 4k varies along a P ( w )  transition, 
all the other +i remain constant. 

The fixed composition state at the feed stage is connected to 
the steady-state composition state in each continuous section of 
the column by a unique T(w) curve. This T(w) curve is com- 
posed of a sequence P ( w )  segments that are ordered by their 
respective characteristic velocities. Thus, the sequence in the 
stripping section is in ascending order in the index k; while the 
order in the rectifying section is in descending order in the index 
k. Remember, the steady-state pinch conditions are determined 
by the criteria that either the pinch state lie on a continuous 
transition Ti(w) at a point where ui(w) equals zero or the pinch 
state be the plateau composition interconnecting adjacent trans- 
itions P ( w )  and P(w)  where ui (w)  is less than zero and u’(w) is 
greater than zero. 

We are now in a position to determine the steady-state be- 
havior of the column. We shall find that du(w)/dz < 0 along T(w) 
at steady-state. Thus, all transitions between the top and bottom 
pinches are discontinuous, and the “shock model” can be  used to 
describe the column. This greatly simplifies minimum reflux 
calculations. 

The bottom pinch is characterized by a larger mean stripping 
factor and a higher temperature than exist at the feed stage. This 
is because the most volatile species are absent at the pinch (Eq. 
18). Thus, w decreases between the feed stage and the bottom 
pinch. Since du(w)/dw > 0 (Eq. 41), d d d z  < 0, and all transi- 
tions between the feed stage and the pinch are discontinuous 
shocks. Thus, the pinch state is a plateau composition. Because 
of the absence of the least volatile species, the top pinch has a 
smaller mean strippingfactor and a lower temperature than the 
feed,stage. As a result, w increases between the feed stage and 
the top pinch. Again W d z  < 0 along T(w), all transitions are 
discontinuous, and the pinch state is a plateau composition. 

The discrete coherence conditions, Eqs. 8 and 9, can be used 
in a recursive manner to calculate the composition jumps across 
each shock transition. However, in the present case an even 
simpler formulation is possible. In the stripping section 4i + ( ~ i  

as xi -+ 0 across a Qw) transition. In the rectifying section c$i + 
ai+] as x i + l  -+ 0 across a r i ( w )  transition. Thus, given the feed 
stage composition {x?}, the pinch compositions can be calculated 
as follows: 
1.  Calculate the C-1 values of 4k by means of Eq. 38 

2. Calculate the bottom pinch composition {xq} by means of the 
equation set 5 AHiaix5 

= 0 (k = l k ,  Zk + 1 , .  . . C-1) (44) 
ai - 4 k  

3. Calculate the top pinch composition {xs} by means of the 
equation set 

An overall material balance on the column gives 
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where 

and 

zq = - L U  x D ? -k V”y? (48) 

Multiplying Eq. 47 and Eq. 48 by AH,a, /  (aI - 4k) and summing 
(Eqs. 36 and 38) yields 

5 AH,aiZY 
and = VAH” ( k  = 1,2, . . . ,hk -1 )  (SO) 

i = l  Q i  - 4 k  
Finally, combining Eqs. 46, 49, and 50 gives 

(k = l k ,  lk + 1, . . . ,hk - 1) (51) 

Eqs. 49-51 constitute a valuable generalization of the Under- 
wood minimum reflux algorithm. The new equations are based 
on assumptions of constant relative volatility and of temperature 
independent partial molar enthalpy. As long as the system is not 
so nonideal as to give the multicomponent equivalent of a tan- 
gent pinch (King 1971), deviations from assumed behavior 
above the top pinch and below the bottom pinch d o  not affect the 
accuracy of the solution. The new equations account for variable 
molar flows in the column. They should he used in place of 
Underwood’s equations for short cut calculation of minimum 
reflux behavior. If all the AH,’s are set equal to unity in Eqs. 
49-51 (constant molar overflow assumption), one recovers the 
classic Underwood equations. 

Rigorous Minimum Reflux Calculation Bared on Shock Model 

In this section we derive a rigorous method for calculating 
minimum reflux behavior that can be used whenever the non- 
distributed components exhibit invariant relative volatility or- 
dering and the key components disappear by means of shock 
transitions. If the key components disappear by means of shock 
transitions, the pinch states are plateau compositions, and Eq.  8 
can be used recursively to relate the pinch regions above and 
below the feed. This is the shock model for a minimum reflux 
column. 

It is difficult to establish the general validity of the shock 
model when a system’s equilibrium and enthalpy relations are 
nonideal. One must show first that Eqs. 3 and 4 are totally 
hyperbolic or equivalently that they exhibit coherent behavior 
and then that the pinches are plateau states. 

It is of course possible to prove that specific equilibrium 
models yield a hyperbolic system. For example, Nandakumar 
(1979) has accomplished this proof for the ideal solution case 
An answer to the question of whether all thermod?naini- 
cally consistent equilibrium models produce coeherent behavior 
has not been found. On the other hand, coherent behavior is 
almost synonymous with physical behavior. We will assume 
coherence as a postulate. We will also assume invariant relative 
volatility ordering among all nondistributed components of the 
feed. 

When the relative volatility ordering of all components is 
invariant and the system equations are totall) hyperbolic, a 
nonlinear transformation exists for an adiabatic column 

(52) x: = xq(+1,+2, . . . &.-l) (i = 1,2, . . . C )  

This transformation is analogous to that introduced in the previ- 
ous section. In the stripping section the kth species can disap- 
pear only across a coherent transition, r”, which is associated 

with the coordinate +k. In the rectifying section the kth species 
can disappear only across a coherent transition, P - l ,  which is 
associated with the coordinate ( P A - ,  . 

The steady-state temperature distribution in a continuous 
column is constrained by the Second Law of Thermodynamics to 
vary in  a monotonic fashion from a high temperature at the 
bottom of the column to a low temperature at the top. Using T to 
parameterize P‘, the shock criterion in  the stripping section 
becomes 

in  the rectifying section this criterion becomes 

(54) 

Violation of either inequality introduces pinch states which lie 
on a continuous transition. Obtaining minimum reflux condi- 
tions in such cases is difficnlt. These sitnations are the mul- 
ticomponent equivalents of what. for a binary separation, would 
be called a tangent pinch (King, 1971). A tangent pinch occurs 
when the operating line for a binary column becomes tangent to 
the equilibrium line as plotted on a hlcCabe-Thiele diagram. 

Ideal solution equilibrium constants and partial molar enthal- 
pies are functions of temperature alone. Since the heat of va- 
porization of a pure component is positive and decreases in a 
monotonic fashion to zero at the critical temperature, ideal 
solution equilibrium constants all increase with increasing tem- 
perature and have second derivatives with respect to tempera- 
ture that are negative. Thus, Eqs. 53 and 54 always are satisfied 
for ideal solutions, and the shock model equations outlined 
below are valid as long as there is invariant relative volatility 
ordering among the nondistributed components. The constant 
relative volatility example of the previous section is a special 
case of this general ideal solution result. 

i n  the case of nonideal solutions it is often difficiilt to ascertain 
apriori whether Eqs. 53 and 54 are satisfied. In such cases the 
approach suggested is: (1) assume that the key transitions are 
discontinuous; ( 2 )  calculate minimum reflux conditions using 
the equations outlined below; and (3) test that the steady-state 
shock model is valid a posteriori by numerical integration of the 
fundamental differential equation or by plate-by-plate simula- 
tion. 

Minimum reflux conditions are easy to calculate for distilla- 
tion separations in which invariant relative volatility ordering 
exists between the pinches and in which the keys disappear by 
means of shock transitions. The pinch condition in the stripping 
section is defined by the relations 

and 

Here the superscripts denote either the transition in which the 
species designated by the superscript disappears or the plateau 
just prior to this transition. 

Given the composition and enthalpy in the feed zone, the 
various virtual states (plateau compositions) interconnecting the 
feed zone and the pinch can be found by recursive use of Eq. 8. 
Thus. 
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and 

- - 
where b = lk ,  yB; = @, X B ;  = i?!,HB' = p, and%' = p. Eq. 
56 represents material and energy balances for each virtual 
composition state interconnecting the feed zone and the pinch. 
It is interesting to note that there are only (b-1) of these states 
as compared to the large number ( N  -+ m) of plates joining the 
feed stage and the pinch in conventional minimum reflux treat- 
ments. 

Introduction of the identities 

(57) 

(58) 

(59) 

(60) 

_-  
L B  xB$ = LB" xB: 

V B  yBki = V B k  yB: 

V B  HBk  = VB" HB" 

LB  mk = LB" hB" 

-- 
-- 

- 

and the equilibrium expression 

permits explicit solution of Eq. 56a to yield 

I; 

(62) 
(i = k,k + 1 , .  . . . C )  
(k = 2 , .  . . .b)  x B $  = x$ n AB', 

j=2 

where 
VBj-l(KB1-1 - KBj-1) ABi  = J--1 

VB'(KBj - 1) - VB'-'(KBj:: - 1) 

In the ideal solution case KB( is a function only of TB' and 
consequently A B J  is a function only of VBj ,  VBj-',  TB', and 
TB'-'. Introducing the constraint xi yB$ = 1, Eq. 56 can in this 
case be rewritten as a "bubble point" relation and an "energy 
balance" relation for each of the (b- 1) virtual states: 

" k c KB$xY n A B j  - 1 = 0 
,=h j=2 

(k = 2 , .  . . .b) (63) 

and 

VB'((HB' - hBk)  + VB"'(1 - KBf:i)hBk 

+ VB"'(KBfI:hB'-' - HBk-') = 0 (k = 2, . . . .b) (64) 

where 
(' J 

H B ' =  2 HBjKBixY n AB: 
j = j  6=2 

and 
c j 

hB' = 2 hB&q n AB: 
, = I  k=2 

A parallel treatment of the rectifying section yields the rela- 
tions 

- -  < 0 (65a) , g C + l - h k  = 
YD$Z'-~' 

1 +  = ( y: ( Z f J l - h k )  

where the superscripts denote either the transition in which the 
species, designated by C + 1 minus the superscript, disappears 
or the plateau just prior to this transition, and 
- 

(664 yD$ -yD,!-' 
xD$ - &,!-' 

- yDz;i-h 
- xD&-' 

(i = k, k + 1. . .C)  
(k = 2, . . .d) 

- - - -  

w h g e  d = C + 1 - h k ,  9;. = 8, 
= h". 

= q, HD' = p, andhD' 

Finally , 

where 

C C I - h  h 

2 K D ' N  n AD? - 1 = 0 
i= 1 i = 2  

(k = 2, . . .d)  (68) 

and 

where 

and 
c + l - i  1 

A set of C + 5 equations that couple the upper and lower 
pinches completes the new minimum reflux description 

,I  

(VDdKDP - LO? n AD~xY - 29 = 0 (i < Ik) (70) 
j = y  

[ [VDdKDf - L D q  fi A D {  + [LBb  
1 = 2  

- VBbKBP] fi ABj]x': - zp = 0 (Ik 5 i 5 h k )  (71) 
1=2 

h 

( L B b  - VB'KB?) n ABjxY - Zq = 0 ( i  > hk) (72) 
1=2 

( 

(73) 

(74) 

2 KO& - 1 = 0 
, = I  

(' 

VDd - L D d  - V B b  + LBb  - 2 2': = 0 
, = I  

V D ~ H D "  - LDdhDd - VBbHBb + LBbhBb - ZH" = 0 (75) 
I 
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TABLE 1. COMPARISON BETWEEN UNDERWOOD AND GENERALIZED UNDERWOOD SOLUTIONS 

Components: Ethane, Propane, n-Butane, n-Pentane, Octane 

a,: [183.26 74.85 30.99 12.96 1.01 
2;: [O. 1 0.2 0 . 4  0.2 0.11 

Top Pinch: 
Vapor Flow 
Liquid Flow 

Bottom Pinch: 
Vapor Flow 
Liquid Flow 

Distillate Rate: 
1 
2 
3 
4 
5 

Underwood 

LK = 3, ZD, = 10 
HK = 4, ZD, = 0.005 

1.0697 
0.4051 

1.0697 
1.4051 

0.1 
0 .2  
0.3636 

0 . 0  
0.995 x 10-3 

(77) 

Eqs. 62-64 and 67-77 form a set ofcoupled algebraic equations 
which define the minimum reflux column. They have been used 
to construct an efficient algorithm for calculating minimum 
reflux conditions (Nandakumar and Andres, 1981). This new 
mathematical description, while rigorous, is much simpler than 
the description required by other approaches, e .g . ,  Chien 
(1978) and Tavana and Hanson (1979). In the ideal solution case, 
C + 2(d + b - 2) + 5 equations define the column. Thus the 
minimum reflux calculation is reduced to something more 
analogous to a multicomponent flash calculation than to a typical 
multiplate, multicomponent, distillation calculation. 

Sample Results and Discussion 

Details of the numerical solution of the new equations we 
have derived above are presented in Part I1 (Nandakuinar and 
Andres, 1981). In this section we merely present sample results 
obtained with each method and compare these results with 

Generalized Generalized 
Underwood Underwood 

LK = 3, ZD, = 10 
HK = 4, ZD., = 0.005 

22:' = 0.6646 
V'AH" = (6560) X 2326 

1.0818 
0.4172 

0.9338 
1,2692 

0.1 
0 .2  
0.3636 

0 . 0  
0.995 x 10-3 

1.0658 
0.4011 

0.9182 
1.2536 

0.1 
0.2 
0.3614 

0 .0  
0.322 x lo-* 

minimum reflux conditions obtained by Underwood's algorithm 
and by plate-by-plate simulation. 

The first example is designed to illustrate the sensitivity of 
minimum reflux behavior to the molar overflow distribution in a 
column, i .e. ,  the differences between an Underwood solution 
(constant molar overflow) and a Generalized Underwood solu- 
tion (variable molar overflow). In this example a liquid feed 
stream containing ethane, propane, N-butane, N-pentane, and 
octane [{xi} = (0.1,O. 2, 0.4, 0.2,O. l}] is to be separated so that Zk 
= 3 (A'-butane) and hk = 4 (AT-pentane). The desired distillate/ 
bottoms splits are  ZD3 = 10 and ZD4 = 0.005. The equilibrium 
and enthalpy data used in the calculation are taken from Tables 
A-4 and A-8 in Holland (1963). Evaluation of the relative vol- 
atilities and molar heats of vaporization of the feed yields: 

{a,} = 1183.26, 74.85, 30.99, 12.96, I} 

{AHj} = 13,004, 4,622, 6,750, 9,302, 15,934) X 2326 Jikg . mol 

An Underwood calculation yields the specifications presented 
in the first column of Table 1. A Generalized Underwood calcu- 
lation gives the  specifications presented in the second column of 

TABLE 2. COMPARISON BETWEEN PLATE-BY-PLATE SIMULATION AND SHOCK MODEL SOLUTION 

Components: [C,, i-C4, n-C4, i X 5 ,  ri-C5] 
2, = [O. 2 0 . 2  0 .2  0 .2  0.21 

Equilibrium and Enthalpy Data froin Holland (1963) 

Shock hfdel  Calculation 

HK = 3, ZD, = 0.37214 
LK = 2, ZD2 = 2.68715 

Distillate: 
Total rate 
Component rate 

Temperature ("K) 
Vapor F1 ow 
Liquid Flow 

Feed Zone, T ( O K )  

Bottom Pinch: 
Temperature ("K) 
Vapor Flow 
Liquid Flow 

Total Rate 
Component Rate 

Top Pinch: 

Bottoms: 

0.4000 
(0.2, 0.1458, 0.0542, 0 .0 ,  0.0) 

391 51 
1.503 
1.103 

406.62 

416.59 
1.517 
2.117 

0. 60000 
(0, 0.0542, 0.1458, 0 .2 ,  0.2) 

Plate-b! -Plate 
Siinulation 

120 Plates 

0.4000 
(0.2, 0.1458, 0.0542, 0.0, 0.0) 

391.42 
1.514 
- 

406.51 

416.44 
1.514 
- 

0.60000 
(0, 0.0542, 0.1458. 0.3, 0 3 )  
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Table 1. Finally, results of a Generalized Underwood calcula- 
tion, in which the distillate product rate and condenser load are 
those specified by the Underwood calculation, are shown in the 
third column. 

The most interesting comparisons are between columns one 
and three. Column one represents the idealized constant molar 
overflow situation; while column three represents a variable 
molar overflow column with the same external specifications as 
in the idealized case. The “real” column has a vapor flow at the 
bottom pinch that is 14 percent less than the “ideal” prediction. 
The difference in product purity is even more significant. The 
distillate flow of n-pentane is 3 .2  times greater in the “real” 
column. Such differences are of course the reason for making 
rigorous minimum reflux calculations. 

A second example illustrates the agreement between predic- 
tions obtained using the rigorous shock model equations and 
predictions obtained by plate-by-plate simulation of large finite 
colunins. This example is taken directly from Holland (1963) 
(Example 10.1). The results of the two calculations are con- 
sidered to be indistinguishable. It is important to note, how- 
ever, that the shock model calculation is almost trivial while the 
plate-by-plate calculation takes substantial computational effort. 
Furthermore, the shock model algorithm permits direct incor- 
poration of a split specification and thereby eliminates the usual 
secondary iteration procedure required by any method which 
requires specification of external flows. 

NOTATION 

defined in Eq. 62 
defined in Eq. 67 
total number of components in feed 
backmixing parameter for liquid phase 
enthalpy of vapor phase defined on molar (volumet- 
ric) basis 
enthalpy of liquid phase defined on molar (volumet- 
ric) basis 
partial molar enthalpy of component i in vapor 
partial molar enthalpy of component i in liquid 
latent heat of vaporization of component i 
heavy key component (heaviest component in distil- 
late) 
Riemann invariants, defined in Eq. 32 
vapor-liquid equilibrium constant of reference com- 
ponent 
liquid flow rate defined on molar (volumetric) basis 
liquid hold up per unit length defined on molar 
(volumetric) basis 
light key component (lightest component in bottom 
product) 
total number of stages 
backmixing parameter for vapor phase 
time variable 
absolute temperature 
vapor flow rate defined on molar (volumetric) basis 
vapor hold up per unit length defined on molar (vol- 
umetric) basis 
a parameter running along the solution curve T(w) 
liquid mole fraction (molar concentration) of compo- 
nent i 
vapor mole fraction (molar concentration) of compo- 
nent i 
distance variable 
total molar rate 
molar rate of component i 
total enthalpy rate 
product specification defined as split of component i 
between distillate and bottom product (Zq/Z:) 
difference between enthalpy of feed and enthalpy of 
a saturated liquid feed 

Greek Letters 

ai 

A 
4; 
$; 
T ( w )  
a ( w )  
7 = scaled time variable, t/N(L/Z) 

= relative volatility of component i 
= eigenvalue defined in Eq. 5a 
= UEderwood roots defined in Eq. 36, 37, or 38 
= a&?;, defined in Eq. 19 
= solution curve in composition-enthalpy space 
= characteristic velocity of %point on T(w) 

Subscripts 

hk = heavy key component 
i = component identification number 
lk = light key 
n = stage identification number 

Superscripts 

B 
b 
D 
d 

j, k 
0 

= a quantity defined for the stripping section 
= a quantity defined at the stripping pinch (b = Zk) 
= a quantity defined for the rectifying section 
= a quantitydefined at the rectifying pinch (d = C - hk 

= define transitions and plateau compositions 
= quantities defined for the feed zone 

+ 1) 

Note 

Variables like temperature, flow rates, etc., are defined in the 
rectifying section, feed state, and stripping section by append- 
ing the letters D, 0, and B ,  respectively. 
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Part II: Numerical Solution 

Two new algorithms for calculating minimum reflux conditions in multicom- 
ponent distillation columns are described. Both algorithms are based on the 
continuum model for an infinite stage column proposed by Nandakumar and 
Andres. Several example problems demonstrate the accuracy and computational 
efficiency of the new algorithms. 

K. NANDAKUMAR 

and 
R. P. ANDRES 

Department of Chemical Engineering 
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SCOPE 

It has been shown (Nandakumar and Andres, 1981) that 
modeling the rectifying and stripping sections of a distillation 
column as continuous countercurrent exchangers leads to a 
particularly simple mathematical description of minimum 
reflux behavior. This approach not only guarantees the exact 
infinite plate limit but also substantially decreases the number 
of equations necessary to define a minimum reflux solution. 
Two calculation methods have been proposed based on this 
model. The first is a short-cut method which extends Under- 
woods classic minimum reflux treatment to variable molar 

overflow situations. The second is a rigorous method which 
incorporates nonideal equilibrium and enthalpy behavior. 

The objective in this investigation is to apply these new 
equations in an algorithmic form to calculate minimum reflux 
conditions for adiabatic, multicomponent distillation columns. 
Two algorithms are described. The accuracy of the new al- 
gorithms is established by comparing their solution with 
Underwood solutions and with plate-by-plate simulations of 
large finite columns. The computational efficiency of the al- 
gorithms is also demonstrated by means of examples. 

CONCLUSIONS AND SIGNIFICANCE 

The first algorithm that is described parallels Underwood’s 
classic minimum reflux algorithm and is similar in both speed 
and accuracy. This algorithm represents a short cut method for 
use when accurate thermodynamic data are not available or 
when a rigorous calculation is not warranted. It assumes that 
constant relative volatilities and constant molar heats of va- 
porization are known for all components. Although formally 
identical to the Underwood algorithm and as fast computation- 
ally, the new algorithm incorporates the important effects of 
variable molar overflows. 

The second algorithm represents a rigorous minimum reflux 
method and can incorporate most non ideal equilibrium and 
enthalpy behavior. This algorithm is in the form of a double 
iteration. The inner iteration involves simultaneous solution of 
a set of algebraic equations whose dimension equals the 
number of chemical species in the feed plus twice the number 

of nondistributed species in the column plus five. These equa- 
tions completely define minimum reflux conditions for the ideal 
solution case, and this portion of the algorithm can be used 
alone in such situations. The outer iteration accounts for the 
composition dependence of the temperature dependent 
equilibrium constants and partial molar enthalpies that are 
used in the inner iteration. 

The numerical algorithm representing the inner iteration is 
shown to be rapidly convergent, and the outer iteration repre- 
senting as it does a relatively small correction to the system 
equations also converges rapidly. This calculation is more 
analogous to a multicomponent flash calculation than a multi- 
stage, multicomponent distillation calculation. It requires 
much less computer time than does conventional plate-by-plate 
simulation of a large column. 

TWO calculation methods developed by Nandakumar and 
Andres (1981) are  presented he re  in algorithmic form. The first 
is a short cu t  method for use  when accurate thermodynamic 

1981. 

information is not available. This method assumes ideal solution 
behavior, constant relative volatilities, and temperature inde- 
pendent  partial molar enthalpies. This calculation is based on 
the  constancy of the  enthalpy flux in each section of an adiabatic 
column and incorporates the  effects of variable molar overflows. MW1-1541-81-4825-0460-$2.M). The American Institute of Chemical Engineers, 
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